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Abstract. Following the definitions of tiie algebras of differential operators, 
/^-differential operators, and the quantum differential operators on a noncom- 
mutative (graded) algebra given in |6] , we describe these operators on the free 
associative algebra. We further study their properties. 
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1. Introduction 

Let k denote a field, and R a k-algebra. Any i?-biniodule M under considera- 
tion satisfies am — ma for m e M and a G k. In [6] VA.Lunts and A.L.Rosenberg 
defined an i?-subbiniodule, the differential part of M, denoted by Mdiff. The R- 
bimodule Mdiff has a filtration Mq C Mi C ■ • • , where Mi is called the i-th 
differential part of M. In particular, the elements of the differential part of the R- 
bimodule IIomk(i?, i?) are called the differential operators on R. This i?-bimodule 
is an algebra and is denoted by Dk{R). The differential operators on R of order < n 
are elements of the n-th differential part of Homk(i?, R). Analogously, /3-differential 
operators for any F-graded k algebras (F is an abelian group) are defined in [6] . In 
the particular case of F = Z2 , the /^-differential operators are the super differential 
operators. In general, under certain conditions on /?, the /3-difFerential operators 
are the coloured differential operators on coloured algebras. A further notion of 
quantum differential operators on a F-graded k algebra is defined, which allows 
for viewing action of a quantum group on a ring through its Hopf structure to be 
via quantum differential operators. 

The differential operators on the polynomial algebra and the supercommu- 
tative free algebra over fields of characteristic have been widely studied. Smith 
in [8] studied differential operators on the affine and projective lines for nonzero 
characteristic. In particular, the algebra of differential operators in the case of 
nonzero characteristic is not finitely generated. 

In this paper we investigate the algebra of differential operators on the free 
algebra and the l3 and quantum differential operators on the free algebra graded 
by Z". 

The preliminaries are given in the section [2l The algebra of usual differential 
operators on the free algebras are described and studied in section [3l When R is 
the free algebra over n variables, xi, - ■ ■ , a;„, the algebra of 0-th order differential 
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operators, D^{R), is generated by left and right multiplication homomorphisms. 
The (i?)-module of the first order differential operators is generated by deriva- 
tions. Higher order differential operators are defined in the definition 13.11 Unlike 
the case of polynomial algebras, the first order differential operators do not gen- 
erate the algebra of differential operators, Di^{R), even when the characteristic of 
the underlying field is 0. We are able to prove that Dk{R) is a simple algebra. We 
also describe several properties of these new operators in this section. Of particular 
interest is the fact that every differential operator can be written as a power series 
in a unique way (Remark 13. 9p . 

An analogous study of the /^-differential operators is pursued in section |4l 
Since the /^-differential operators are similar to the usual differential operators, 
the proofs of the results are not presented. 

Finally, a study of the quantum differential operators on the free algebras is 
presented in section O We present some properties of these quantum differential 
operators in this section. The algebra of quantum differential operators on the 
free algebra, Dq{R), has a more complicated structure than Dk{R). A study of 
the algebra structure of Dq{R) (for example, checking whether it is simple, or a 
domain) will be pursued in a later project. In this paper, we primarily address the 
properties of Dt{R)- 

There are no restrictions on the characteristic of the underlying field unless 
otherwise mentioned. 

Acknowledgements. The first author would like to thank Professor S.P.Smith 
for his help during the preparation of this work. She also gratefully acknowledges 
support from the PSC-CUNY Grants, award # 62279-00 40 (2009-2010) and award 
# 63032-00 41 (2010-2011). 

2. Preliminaries 

Let k be a field, and R be an associative, unital k-algebra. We let denote 
{^j,. Let R'^ denote R^R° where R° is the opposite ring of R. Let M be an R- 
bimodule, equivalently, a left i?'^-module. We recall the definition of the differential 
part of A/, denoted by Mdig from |^. The centre of M is the k- vector space 

Z{M) = {m G M|rTO = mr for all r G i?}. 

If R is commutative, then Z{M) is an i?'^-subniodule of M . The differential part, of 
M is the i?-bimodule Mdiff — U^g/Vfi, where Mi is the i?-bimodule generated by 
{to G M\fh G Z(M/Mi_i)} with Af_i = 0. Each is called the i-th differential 
part of M. 

Notation : For r G i? and m G M, let [m, r] := mr — rm and [r, m] :— rm — mr. 
For any k-algebra A, we set [a, b] := ah — ba for a,b ^ A. 

The vector space Homy^{R,R) is an i?-bimodule as follows: For r,s & R and 

ip G Homi^{R, R), we let {r(p){s) — rip{s), and {Lpr){s) = ip{rs). 
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The i?-bimodule 13™ (i?) of difFcrential operators on R of order m is the 
m-th differential part of Hom^{R^ R). Note that, if R is commutative, a homo- 
morphism Lp G Hom\{R,R) is said to be a differential operator of order m if 
[• • • [[(p, ro] , ri] , • • ■ , r™] =0 for all r,; G R. 

We see that e Z{Homk{R, R)) implies, ip{r) — {ipr){l) — {rip){l) — rip{l). 
For any r G -R, let \r,Pr G Hom(i?, i?) be homomorphisms given by \r{s) = rs 
and Pr{s) = sr for r d R. That is,, (/s = Pip{i)j the homomorphism given by 
right multiplication by (p{l). Thus, D^{R) is the algebra generated by the set 
{Xr, Pr\r G R}. There is a surjection R®z{r) R° ^ ^k(^) given by a (g) 6° n> XaPb 
for a,b ^ R where is the centre of R. 

By Remark 1.1.2.8 of [6], we have D^(i?)Z)^(i?) C Dl+^{R). Hence, L>j^(i?) is 
a ring, called the ring of inner differential operators which contains R seen as 
for r G R. The ring of differential operators Dk{R) is the union of _DJ.(_R). 

If is a derivation, then ip{rs) — rip{s) + (p{r)s. Thus, [(p,r] — A^(r)- Hence, 
a derivation is a first order differential operator. 

For / be a two sided ideal of a k-algebra R let 

5/ = {v? G Di,{R) I p{I) C /} and J/ - {y^ G Dt{R) \ >p{R) C /}. 
Then Sj is a filtered subalgebra of I3ik(i?) with J} as a filtered ideal. 

Proposition 2.1. T/ie natural map ofk-algebras Sij Ji — ?> Homii£(i?//, i?//) ^iwes 
a map of filtered h-algebras Sij Ji D^iRjl). 

Proof. For Lp G Homij(i?, -R), with C / let ^ denote the corresponding map on 
R/I. Let a denote the image of a G i?. Note, Aa — Aa, = /9a, and [ip, a] — a]. 
The claim then follows. □ 

We now refer to [5] and present some preliminaries on beta-differential opera- 
tors which are generalizations of superderivations and their higher powers, see [5]. 
Let r be an abelian group. Fix a bicharacter /3 : F x F — > k*. Let i? be a F-graded 
k-algebra and M a F-graded i?-bimodule. Let Zp{M) denote the ^-center of M 
defined as the k-span of homogeneous elements m £ M such that 

mr — P{dm,dr)rm for any homogeneous r £ R, 

where dx denotes the degree of x. The /S- differential part of M is the i?-bimodule 
Mj3 — Li°ZQAIj3^i, where Mp^i is the i?-bimodule generated by the set 
{m G M\m G Z/3{M/Mp^i^i)} with _i = 0. Each Mp^i is the i-th l3- differential 
part of M . 

Notations: For r £ R and m G M homogeneous, let [TO,r-]^ := mr — (3{dm, dr)rm 
and [r, m]p := rm — l3{dr,dm)mr. 

For any F-graded k-algebra A, we set [a, b]^ :— ab — (3{da, db)ba for homoge- 
neous a, & G j4 and extend [•, •] linearly. Note, 

[ab,c]i3 = I5{db,dc)[a,c\i3b + a[b,c]i3 and [c, a6]^ = [c, a]^fe + /3(dc, 'ia)a[c, &]/?. 

The F-graded _R-bimodule D^^R) is the m-th /3-differential part of the F-graded R- 
bimodule grHom]]j(i?, R). An element oiD'^{R) is called, the /3-differential operator 
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of order m. One can see that D'p{R)D'p{R) C D'i^\R). That is, Dp{R) is a filtered 
k-algebra. 

For a homogeneous r € R, let e grHom^(i?, i?) be defined by 

p^(s) = I3{dr,ds)sr. 

We see that S Z p{grHom^{R, R)) implies, (p{r) — {(pr){l) = (3{dip,dr)r(p{l) 
for any homogeneous r G R. Thus, (p = Thus, the i?-bimodule D^{R) is 

generated by the homomorphisms Xr,p^, for r G R, r homogeneous. 

We say that a homogenous ip G grHom^(i?, R) is a left /3-derivation if 

ip{rs) = (^(r)s + (3{d^,dr)rip{s) 

for homogeneous r G R, and any s G -R. Note, a left /3-derivation is a /3-differential 
operator of order 1. We see that if is a homogeneous left /3-derivation, then 

V7i,72 G r, 

(p{[a, b]p) = [(p{a),b]i3 + l3{d^,da) {a(p{b) ~ l3{d^,day^ l3{da, db)ip{b)a) ; 
= ['P{a),b]i3 + (3{d^,da)[a,(p{b)]p ?/ /3(7i, 72)^(72, 7i) = 1- 

Given two F-graded algebras A, B, the vector space A^-B is a F-graded k-algebra. 
We denote by A (^^ B the set A®B, with a multiplication operation which reflects 
the F grading. For a^c G A^u,v £ B with 6, u homogeneous, we have 

(a (g)*^ b){u v) = I3{db, du){au bv). 

This multiplication also makes A 0^ B into a F-graded k-algebra. We always use 
this multiplication when we work with tensor product of F-graded algebras in the 
sections of /3-differential operators. 

Given a F-graded algebra i?, its f3-opposite algebra is denoted by R^'°, which 
as a set is R^'° = {r° \ r G R} and the operations are r° + s° ~ {r + s)° (ad- 
dition), —r° = {—r)° (additive inverse), and r°s° = f3{dr, ds){sr)° (multiplication 
for homogeneous elements). 

Using these conventions we see that there is a surjection of F-graded k- 
algebras R 0^ R^'° — )> D^{R) given by a ®^ b° ^ ^aP^- This surjection reduces to 
a surjection of k-algebras R^ZniR) ~^ ^pi^) where Zp{R) is the /3-centre of 
R] that is, it is the subalgebra of R given by ZplR) = {r G i? | A,. = }. 

For / a two sided F-graded ideal of R let 

S^^ ^ {if e DpiR) \ ip{I) Cl} and jf ^ {ip £ D^iR) \ ip{R) Cl}. 

Then 5f is a F-graded Z-filtered subalgebra of Dp{R) with Jj as a F-graded 
Z-filtered ideal. The proof of the following is similar to that of Proposition 12.11 

Proposition 2.2. The natural map S^iU'i gT}lomt,{R/I,R/I) of V -graded 
k-algebras gives a map of T-graded 'Z-filtered k-algebras Sj/J^ — > Dp{R/I). 

Note that if /3 = 1, then we get the usual differential operators. 
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Let 1i := Z/2. A Z2-graded k-algebra R — Ri^,®R\\s, called a superalgebra. 
Elements of Rq are called even and those of Ri are called odd. For a homoge- 
neous element a d R, we let p(a) denote its parity (which is the same as degree in 
this case). For a superalgebra R, we define a bicharacter /3 : Z2 x Z2 — k* by 
setting f3{x,y) — (—1)^^ and study the /3-differential operators on a superalgebra 
R. The superdifferential operators (respectively, the superderivations) are special 
cases of /3-differential operators (respectively, the /3-derivations) on a superalgebra. 
More generally, when /3{a, b)(3{b, a) = 1, we get the notion of coloured differential 
operators. Note that most of the existing studies of super-differential operators 
(respectively, coloured differential operators) are on supercommutative (respec- 
tively, coloured-commutative) algebras. In this article we study the /3-difFerential 
operators on the free algebra on several variables. 

We now recall the definition of the algebra of quantum differential operators 
([B]). Let r be an abelian group. Fix a bicharacter /? : F x F — > k*. 

Let i? be a F-graded k-algebra and M a F-graded i?-bimodule. 

Let Zq{M) denote the quantum- center of M defined as the k-span of homo- 
geneous elements m d M for which there exists a d G F such that 

mr = j3{d,dr)rm for any homogeneous r € R. 

For each a G F, define CTq £ grHom^(M, M) defined by aa{m) — I3{a,d,n)m for 
homogeneous m £ M, and extend (Ta linearly on all of M. For m G M,r G R, let 
lm,r]a = mr — aa{r)m. Using these notations, 

Zq{M) = k — span{homogeneous m | 3a G F such that [m^r\a = OVr G i?}. 

Let Mqfi — RZq{M)R. For i > 1, Mq^i denotes the i?-bimodule generated by the 
set 

k — span{homogeneous m | Ela G F such that [m^r\a G Mq^i^i\fr G R}. 

Note, Mqfi C Mq^i C • • • and Mq-diff = ^i>oMq^i. When M = grHom,5(i?, R) we 
get the filtered algebra of quantum differential operators Dq{R) — Mq-diff and the 
_R-bimodule of quantum differential operators of order < i is Dq{R) = Mq^i. 

The algebra Dq{R) is generated by the set {A^, Ps, ctq | r, s G -R, a G F} where 

KPs — PsK, CTaXr — Xa^{r)'^a, and GaPr = P(j„(r)0'a- 

Given a ring S*, and a group G of automorphisms of S*, denote by S^/^G the skew 
group ring on S by G; that is, S'#G' is a free left ^-module, (Bg^aSg, with basis 
G, and with multiplication given by 

{rigi){r292) = rigi{r2)gig2 ri,r2 G S,gi,g2 G G. 
Now F acts on R via automorphisms CTq for a G F. We thus get a surjection 

{R ®z(R) R°)#^ Dq{R) given by (a (g) b°)j ^ A 
For i > 1, each Dq{R) is the i?-bimodule generated by the k-span of the set 
{homogeneous ip \ 3a F such that [ip,r]a G Dl~^{R)}. 
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Equivalently, it has been shown in ^ that each Dg{R) is the (i?)-bimodule 
generated by the k-span of the set 

{homogeneous (p \ [ip,r] £ Z?*^"'^(i?)}. 

For each a £ F, let e grHom^(i?, i?) be a left skew CTa-derivation. That is, 
^(rs) = ip{r)s + aair)ip{s) Vr, s e R. Then [ip,r]a = \^(r) e D°{R),yr G R. 
That is, (f G D^{R). Similarly, for each a G F, let ?/; £ grHom^(i?, i?) be a right 
skew CTa-derivation; that is, 'ip{rs) = ip{r)aa{s) + r'ijj{s) Vr, s G R. Then, Vr G R, 
[ip,r] = \^(j.)aa G D^{R). Note that iy9 is a left skew (Ja-derivation, if and only if 
Lpa-a is a right skew (T_a-derivation. 

For / be a two sided F-graded ideal of R let 

Sj = G Dg{R) I ^(/) C /} and J/ = {(^ G | ^(i?) C /}. 

Then 5| is a F-graded Z- filtered subalgebra of Dq{R) with J"/ as a F-graded 
Z-filtered ideal. Again, 

Proposition 2.3. The natural map / Jj — > grHom^(_R//, i?//) of T- graded 
k-algebras gives a map of T-graded "L-filtered k-algebras Sj/J'f Dq{R/I). 

Again, if /3 = 1, then we get the usual differential operators. 

3. The free algebra. 

Fet R = t{xi, ■ • • , Xn) be the free algebra over k generated by xi, ■ ■ ■ , a;„. 
When n = 1, i? is the polynomial ring in one variable, and the differential operators 
on polynomial rings have been well studied. Therefore, assume that n > 1. 

The ring R has only associative relations. It is a domain, and the monomials 
in the Xi are independent over k, so we should expect to find few relations on 
D^{R). For the proof, we will need the following 

Lemma 3.1. For i — 1, . . . ,m, let Ui and bi be monic monomials. Let di — deg(ai) 
and d = ma.x{di}. Then aixfx2bi = ajxfx2bj if and only if ai = aj and bi = bj. 

Proof. If Oi — Oj and bi ~ bj, then clearly aixfx2bi — ajxfx2bj. 

Assume di < dj. Then the first di terms of ai and aj coincide. Thus there is 
some monic monomial c such that deg(c) = dj — di and Oj = OiC. Hence xfx2bi — 
cxfx2bj. 

Since deg(c) < d, we have c — x'l^~'^\ Cancelling xf yields X2bi = xf^ '^'x2bj. 
Thus di = dj and Oi — Oj. Cancelling X2 yields bi = bj. □ 

Proposition 3.1. The associative algebra R(E) R° and D^{R) are isomorphic. 

Proof. The centre of R is just k, and thus we have a surjection R(^ R° ^ 
given by a (3 &° i— ?• XaPb for a,b & R. It remains to show that this surjection is 
injective. 

An element t oi R ® R° may be written as t = J2 ^a'^i ® where G k 
and ai and bi are monic monomials. Then t i-^ (f>t = 'Y^aiXa^Pbi- Suppose (pt — Q 
Fet di = deg(ai) and d = maxjdi}. Then by the lemma, {aixfx2bi} are pairwise 
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independent. Thus no two terms of (j)t{xfx2) can cancel. As R is the free algebra, 
^t{xfx2) is if and only if all ai = 0. That is, (j)t{xfx2) = if and only if f = 0. □ 

Corollary 3.1. The Gelfand-Kirillov dimension of D^{R) (and hence of Dk{R)) 
is infinity. 

Proof. The Gelfand-Kirillov dimension of the free algebra R is infinity. □ 
Corollary 3.2. The centre of Dk{R) is k. 

Proof. Let (p € Dk{R) be such that [<p,ip] — for any ip G Dk{R). In particular, 
[(p, Xi] = [(fi, Xxi] = for all i < n. That is, ip = pa for some a in the centre of R. 
Hence, a € k. □ 

Proposition 3.2. A derivation of R which is in D^{R) is a sum of inner deriva- 
tions. 

Proof. Let be in D^{R) be a derivation. Since D^{R) is generated by left and 
right multiplications, we can write 

We may assume that if i ^ j, then (oj, 6j) ^ {aj,bj). 

Since is a derivation, it has no constant term, so and bi are not both 1. 

Let d = max{deg(ai) + deg(6i)} and r = xfx2. Then 0(t^) = ^aiair'^bi. 
Since ^ is a derivation, we also can write 0(r^) = J2 '^ii^i'^^i''' + TcnTbi). 

The monomials of this expression have three forms. Put Ai — atr^bi, Bi = 
UiTbiT, and Ci = ruirbi. Then ^oij^j = '^a{Bi + Ci). Comparing terms, we 
have three possible relations among the monomials. 

If Ai = Bj, then rbi = bjT. Thus bj is a left factor of r and r is a left factor 
of bjT. Thus bj = 1. It follows that bi = 1 and ai = aj. Because the {ai,bi) are 
chosen to be pairwise distinct, we have i = j. 

If Ai = Cj, then UiT = raj. Again, we see = 1, and so Uj = 1, bi — bj, and 
i=j. 

If Bi = Cj, then UiTbiT = rajrbj. Thus ai = 1, bi = aj, and bj = 1. 

In particular, any non-zero term of (/)(t^) must have either = 1 or bi = 1. 
Let I = {i\bi = 1} and J = {i\ai = 1}. Since </> has no constant terms, / and 
J do not intersect. Then Y^iei 'Xi^i = J^iei'^i-^i J2jeJ'^j^j — J2jej<^j^j- 
Thus = X^jg/CCjCi + '^j^j oijBj. It follows that for each i e / there is some 
j G J such that ai = —aj, ai = bj, and bi = Uj = 1. Let us denote such a j by 

Thus, 4> = J2i o:i{Xai - Pbj^i-, ) = YjI cai^ai - PaJ, and so is a sum of inner 
derivations. □ 

For each a £ R, and i < n let 9" be the derivation on R defined by df{xj) = 

Sija. 

Remark 3.1. Note, for a £ R, the inner-derivation Xa — Pa = 9?^'"^'°. 
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Proposition 3.3. We have the following relations among the operators d^,Xb,pb 
for a,b G R,i < n. 

Proof. Follows from the definition of 9" iov i <n,a & R. □ 

Remark 3.2. One can immediately see that the Lie algebra of derivations on 
R, denoted Der{R), is not simple even in the case when characteristic of k is 
0. Let R = k[ti,--- ,tn] denote the polynomial algebra on n variables. The Lie 
algebra of derivations on R, denoted by Der{R) is the vector space spanned by 
{fdti I / G 1 < < where each 9t . denotes the usual partial derivation with 
respect to ti. Consider the quotient algebra map ~ : R ^ R given by Xi = ti for 
1 < i < n. This map gives rise to a map of Lie algebras ~ : Der{R) — )■ Der{R) 
given by df = adt^ . Note that the adjoint derivations are in the kernel of this map. 

Definition 3.1. For r = 1,1 = (ii) and J = (ai), with ii < n,ai G R, set 

dj = For an r G N, r > 2, let I = (?'i,*2,''' be a sequence of natural 
numbers ij < n and J — (ai, • • ■ ,ar) be a sequence of elements from R. Further, 
let I = (^2, • ■ ■ )V) and J = {a2,--- ,ar). Denote by dj G D^{R) the operator 
which satisfies the commutator rules 

[dj,Xi,] = axdi, [dj,xi]=0 forl^ii, and 9/(1) = 0. 

Remeirk 3.3. Note that dj is not the same operator as 9?^ • • • 9?'". For instance, 
[dl'd^^xt] = aiSf + d^'a2 = aid^' + a2d^' + Xg^i^^,) and 
[d^'d^',Xi]=Ofori^l. 

Therefore, O^'d^' = + + 9^"'^"'^ In general, 

aai aa2 _ 0(11,12) , ^(02,01) rj^f 1 (02) 
"i "3 ^ "i^-.'j) + ^(J,») + "3 

Indeed, for i = j , the argument is identical to the one given above. For i ^ j , note 
that 

[drdf,Xj] = dt^a2 = a^d^ + A9.i(„,), and 
[d^'d]^Xk]=Ofork^i,j. 

The operator dj is so defined that dj{xi^ ■ ■ ■ Xi^) = ai ■ ■ ■ Or for I = {xi^ , • • • , Xi^) 
and J = (fli, • • • , flr). This can be checked by induction on r. 

(a a ■■■ a) '(l9")'' 

By induction on r, we see that d^f'_ = — — for any a G R, and i < n when 
the characteristic ofk is 0. 

Let A(i?) be the associative subalgebra of Dk{R) generated by -D|J(-R) and 
A^{R)=D^^{R)nA{R) forr>l. 
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Since Pa = — dl°''^^\ the algebra A(_R) is generated by the set {Aa;;,^, 

d[llll€A{R),thend[lll] 

' '^(1,2) 

c = X1X2 —X2X1. Note that d'^l'l^{c) = 1. For any derivation ip, we see that ip{c) = 

[(p{xi), X2] + [xi, ip{x2)]. In other words, either 95(c) = 0, or is of degree greater than 
1. Thus we get a contradiction. Therefore d'f^'^!) ^ ^i-^)- Hsnce A{R) ^ Dt{R). 
But we have the following theorem. 

Theorem 3.1. For any sequences I = (ii,--- ,ir) and J = (ai,-- - ,ar) with 
1 <is < n for and Us & R, 

E^^S -CC---^t'-eA'-i(ii); 

here Sr denotes the group of permutations over r elements, (t{I) = (v(i)) ' ' ' ) V(r)) 
and a{J) = {a„(i)r ■ ■ , a^(r))- That is, J^aeSr- ^ ^'(R)- 

Proof. From the remark above we see 

C'"' + Ci'"' - ^r^f = ^df^"'^ e A\R). 
Fovij^i,,--- ,ir, [E^es. Kin '^'1=0 and so is [dl' d^' ■ ■ ■ af; , Xi] = 0. Now, 



i<n,w word e R}. Ifdll'l] G A{R), then oll'^l] = K + T. ft-'-'-'tK^ ' • ' C /^^ 
fi^'... 'ij ,a G R, and words ai, - ■ ■ ,ar €: R. Since d^l'lhl) = 0, we get a = 0. Let 



EK 

.aeSr 



(/) 1 •''2* 



a^Sr—l 



where I = {ii,i2, • ■ • ,it, ■ ■ ■ , ir) and J = (ai, 02, • • ■ , Oj, • ■ • , ar), where b means 
that b is absent in the sequence. Further, 

[CC • • • = «*C ■■■df:---9t+^ for some V G A^-\R). 

Induction completes the proof. □ 

Remark 3.4. The algebra A is not simple even when the characteristic o/k is 0. 
Indeed, let X be the commutator ideal of R; that is, let I be the two sided ideal of 
R generated by the set {[a, b] | a, 6 G R}. If we let a denote the image of a in R/I 
then R/I is the polynomial algebra in n variables, x\, ■ ■ ■ , x^. Note, for a £ R and 
i <n, we have 

Aa(J)cJ, Pa(X)cX, and af(X)cX. 
Hence, A(I) c I. We have an algebra homomorphism 
A D{R/I) given by 

Aa ^ Ao, 

Pa^ Pa = Aa, 

9? I-)- adi {here,di denotes the partial derivative on polynomial algebra). 
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Since Dk{R/I) is generated as an algebra by Z?^(i?/I), this map is surjective with 
nontrivial kernel (for example, \a — Pa is in the kernel for every a £ R). 

Moreover, the set {dl^d^^ ■ ■ ■ i9f''}r>o does not form a free basis of A{R) over 

R as in the case of polynomial algebra, because d^d^ — d^^df — dj^ ^"""^ + df^ '"''^ =0. 
Even if we consider the subset {d°l^d1^ ■ ■ ■ d1^}r>o,ii<i2< - <ir we still do not have 

a free basis because dfd\ — d\df — df' + df' — 0. 

The following two formulae can be checked by induction on r. 



■0;^= (6) 11 ^it ^ 

s=0ji<j2<---<3s t=l,t^{ji,--- J4 



s=0ji<j2<-<Js t=l,t^{ji,--,i.} 



Proposition 3.4. Here are some properties of the operators dj: 
(1) Forr>\ 

(au---,a,),^ ^ ^_]ai---ar if (ti , ■ ■ ■ , tr) ^ {il , ■ ■ ■ , ir) 

,ir) 



Further, . i")^ (a;ti ■ ■ ■ Xt^) ^ for k < r. 

(2) [C:::X)^^^] = A,<.,.....-.(^^5[-^^^^^^^ forr>2. 

(»i ,■■ ■ ) ^ ' i.n .■■ ■ ."rj 

For r = 1, [af , Afc] = Xg.^^.y In particular, [d[l'\:: Xa] & D^-^R). 
ga . In particular, [5^^°^^ 



Forr=l, [df,pb] = Pd-(b)- In particular, [djl"-],',' f:\ Pa] G ^(R). 



Proof. (1) Can be checked by induction on r. 

(2) For r = 1, tiie conclusion is in part (2) of proposition 13.31 For r > 1 
we proceed by induction, assuming the result for earlier cases. Let / = 
(zi, • ■ • , ir), J = (ai, • ■ • , Or) and a = xib. Assume the claim for [dj , Ah]. 
We now prove the claim for [dj , Xa]- Consider two cases: 
Case ii / I. Here, 



diX^^Xb — Xx,{df Xh) 

r 



J=2 

which gives the claim. 
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Case ii = I. Here, 



j=3 



i=2 

= Aa;,f,9/ + A (ai,... ,a ■„!) «<°2 . ' " ' . " j - 1 ) w , ^ (^f i ■ ■ ■ i ■) 

^ (a:,9 J +oia )(b) 1*3. .Vj 

+ \xid-^l+a,)(b)0(i^... + '^a:,a<"^i;;;;;.;'j\fo)+aia<"^2;;;;;.;'j'(f,) 

r 

(3) We address this by induction on r. For r = 1, the conclusion is in part (2) 
of proposition [3731 For r > 2, consider 



(C:--X)V.-Pa<--'(a)) (1) = 0- 
Now, by induction assumption. 

Therefore, 

r 

n{ai,--- ,ar) ,1,,) \ ^ ^(ai , ■ ■ ■ ,aj_i ) 

^--^a'r; =M»i,...,^.) +Z^^a'"--'"^'(a)%.-,*.-i) 
which gives us the claim. 

□ 

Remark 3.5. For I = (ii, • • • , v), A = (ai, • • • , a^) and J = {ii, ■ ■ ■ , ii+t) for 
some l<l<l + t<r, let Aj — (a;, • • ■ , ai^t). For two finite sequences J, K , by 
{J,K) we mean the concatenation of J and K. Then Part (1) or (2) of the above 
proposition gives 

dfiab)^ J2 dj'{a)di-{b). 

iJ:K)=I 

Part (1) of the above Proposition has an immediate important corollary. 
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Corollary 3.3. R as a left Dk{R) module is simple. 

Proof. Let any r £ R,r ^ 0,r ^ k. We need to show the existence of $ € -Dik(-R) 
such that $(r) G k*. Suppose degree of r is n, n > 1. Let ai^^... ,iiX^^x^^ ■ ■ ■ x^^ be 
a summand of r of degree n. That is, 

r = ai-^^... ,iix'llx^^ ■ ■ ■ + terms of degree less than or equal to n. 

Let / = ( ii, ■ - ,»i , »2, • - ,^2 , ■ • ■ , • - , ii ) and J = ( 1, 1, - • , 1 ). Then 

fei times k2 times ki times n times 

df{r)=ai„...,i, ek*. □ 

Let 5*, be the group of permutations of r + .s elements, and let Tjr.s) be 
the subset of Sr+s which preserves the order of the first r elements and the last s 
elements. That is, r G T(^r,s) is increasing on 1, . . . , r and on r + 1, . . . , r + s. Note 
that T'(o,s) and T(^r,o) consist of just the identity permutation. 

For any a G Sr+s and k, 1 < k < r + s, we can define a permutation 
a^'^^ G Sr+s+i such that 

{a{i) + 1 i<k 
1 i = k 

(T(i - 1) + 1 i> k 

That is, (T^*^) takes to 1 and acts like a on the remaining symbols. As a is a 
bijection from {1, . . . , r + s} to {1, . . . , r + s}, we can see that aC^) is a bijection 
from {1, . . . ,k, . . . , r+s+1} to {2, ... , r+s+1}. Hence <7('=) is indeed a permutation. 

Lemma 3.2. T^r,s) = {t^^^ I r G T^r-i,s)} U {r^'^+i) | r G T^r,s-i)}- 

Proof First, let r G T(^r-i,s)- We will show r^^^ G T(^r,s)- 

As T*^^) on 2, . . . , r + s is just a translation of r, and r is increasing on 
1, . . . , r — 1 and on r, . . . , r — 1 + s, we have r^^^ is increasing on 2, . . . , r and on 
r + 1, . . . ,r + s respectively. Since t(-^)(1) = 1, we see t^-^) g T(^r,s)- 

Second, let r G T(r, s — 1). We will show t'^'"+^^ G T(^r.s)- As t is increasing on 
1, . . . , r, so is T^^^^\ As T is increasing onr + l,...,r + s — l,so t*^''+^^ is increasing 
on r + 2, . . . ,r + s. As r(''+i)(r + !) = !< r^^'+^Xr + 2), we have r^'^+i) G T(^,s)- 

This proves T(,,,) D {t(i) | t G T(,„i,,)} U {r^'^+i) [ r G r(,,,_i)}. 

Now, let r G r(r,s). Then either t(1) = 1 or T(r + 1) = 1. 

Case t(1) = 1. Let a G 5r+s-i be such that a{i) = T(i + 1) — 1. Then a^^^ = r. 
As r is increasing on 2, . . . , r and on r + 1, . . . , r + s, we have a is increasing on 
1, . . . , r — 1 and on r, . . . , r — 1 + s, respectively. Thus a G T(r_i_s) . 

Case T(r + 1) = 1. Let a G be such that a{i) = T{i) — 1 for 1 < i < r 

and aii) = r(i + 1) - 1 for r + 1 < i < r + s - 1. Then fT(''+i) = r. 

As T is increasing on 1, . . . , r and on r + 2, . . . , r + s, we have a is increasing 
on 1, . . . , r and onr + l,...,r + s— 1 respectively. Thus a G r(r,s_i) . □ 

Recall that (J, J) denotes the concatenation of / with J, and {A, B) denotes 
the concatenation of A with B. 
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Theorem 3.2. 



dfd^ = ^r((Kj» + ^^^K I is of order less than r + s.} 

Proof. Put iV = r + s. We proceed by induction on N . 

Our base case starts with N = 2 and r = s = 1. Corollary 13.31 proves the 
result. 

Suppose that the theorem holds for N < Nq and that r + s = Nq. Then 

E <gf + E^£ 

where d^" , , and are all of order iVg — 2 or lower. 

For each i, put /j = d°l^[x.i) = (5ijiai, = ^^Yii^i) = (^iji&i, and ft.^ = 
^t^{9^) = Then we have 



[dfd^, A.J = [df, A. J 9f + [af , A.J 

=^f.dfc>f + Kdfdf + A,,. 9^9 



+ E +EA/,^f: + EA.5S + EA..^£ 

TeT(, a ,3 7 



J))) 



U(ai,T((A,S))) , 1 , rt)(bl,r((A 
Z^ r(n.r((7,J))) '^-J + 

E[€:S'^-]+E 



(ar,Mbi),c,) 



Note that (zi,t((/, J))) =r«((/, J)), (ji, r((/J))) = r('-+i)((/, J)), 
(ai,T((l,B))) = r(i)((A,B)), and t((^, S))) = r('-+i) ((A, B)). Thus, by our 
Lemma, 

or((A,B)) ^ \p ^(ai,r((I,B))) V- ^(hi,r((A,S))) 

r{{IJ)) (ji,r((7,J))) ^ 0"l,r ((/,./))) ' 
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Put 



Since 0(1) = dfdf{l) = and [(/), A^^ J = [a;^af,AxJ for each i, we have = 



dfd^. Regardless of how the tuples are permuted, "^^.^ ' '' has order A'o — 1 



Likewise, each dl"'^'^"-} , df-^'^'^] , and d\ -'^^} I'' are of order Nn — 1 or less. Thus 
our expression (p is of the required form. □ 

Remark 3.6. The lower order terms which appear in the statement of Theorem 
\3.2\ can be described. If we denote d\j^^\,, '^'^ &?/ (^^' ' '^.^\ then every 

lower order term looks like 

ai, flpi-i, di(&i), flp^^+i, ap_j^_i, d2(&2) 

ill ipi-ii Jii Op^i+i; "Pg2-1' -^2' 



T/ie /as^ term is 



5i, &2, 9/(6.) 
jl, i2, • • • , js-1, js 

In particular, the operators which appear in the product dfdf are of order at least 
s, which is the order of df . For proof, adapt the proof of Theorem \3.'2\ along with 
part (2) of Proposition [X^ We present a few examples. 



V \Jii ■■■ , JsJ \Ji, ■■■ , Ji-i, J/, J 



a\ fbi, bs\ ^^^1' '"' '"' 

1=1 

bi, ■■■ , bi^i, dfik), bi+i, ■■■ , bs 

jl, ■■■ , jl-l, jl, jl+l, ■■■ , js 



E 

1=1 



ai, 
Jl, 



EE 



E 

;=i 



ai, 



ii- 



jl, 



j. 



(b). 



(Ip+s+l, 

ip+s+i. 



Or 



Or 
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a2\ 




b2\ 


In, 


«2 / 







+ 



ai, a2, bi, 62 \ _|_ / ai, &i, ^2, '>2 

ii, «2, ii, j2y V*i' -Ji' *2, j2y 

61, ai, 02, ^ fai, &i, 62, 02 

Ji, ii, ■*2, .j2/ V*i' J2, ^2 

^61, ai, 62, a2\_^fbi, 62, ai, 02 



+ 



Jl, «1, J2 J \ Jl, «2, J2 

^2, a2V af/(&2), a2 

jl, 32, i2 J 32, i2 

Jl, ,72 y Vji' .72 



Jl, H, 32, I2J \3i, 32, H, «2 

ai, C(^^i)- b2\^(au b,, dt:ib2) 

h, jl, j2/ V*l' Jl' J2 

^^61, ai, C(^2)V ^C(^i)' «2, 62 



Corollary 3.4. [9/, 9^] € D^+'^^i?) /or 9/ e /^^(i?), 9^ e i^kl^), andr,t> 1. 

Theorem 3.3. For r > 1 -D|[(i?) is generated as a left D^^{H) -module by the set 

{dj \ I ^ (ii, • • ■ ,is),J = (ai, • • ■ ,as),ij E N,ij < n,aj G R,l < s < r} U {Ai} 

Proof. Let e Dl{R) such that [(^.x^] = Y,j'^ai,jPbi,j S ^^{R), for aij,btj G i? 
and i <n. Then ip = ip — pbi^jd^''^ is such that [V", a;i] = for every i <n. 

Therefore tp = pr for some r E R. Hence, !j£> = pj. + X^i j Pbijd""^' . 

In general, let € Dl.{R) such that [<^, .t^] = 'Etj^jPa} ,\ ,dj' e DI_-\R), 
for a^j j,b^j J E R, i < n and /, J the appropriate sequences of length less than or 

equal to r — 1. Then tjj = ip — ^ j p^i^ j^^^ll'i)''^^ is such that [V), x,] = for every 

i < n. Therefore ip = ps for some s E R. Hence, ip = ps + j ^d'^'^'j f^'^', 
here, (z, /) is the concatenation of (i) and /, while (5| j, J) is the concatenation of 
{b} j) and J. ' □ 

Suppose J = (ai, • • • ,as) is such that Up = a-ibp^ + a2&p2 foi' some p < s, 
ai,a2 E k, and bp^,bp2 E R. Then, letting Ji = (ai,--- , a^-i, , a^+i, • • • ,0^) 
and J2 = (cji, • • • , ttp-i, 6p2, Cp+i, • • • , as) we sec by induction on s, 

dj = aidj'^ +a2d-^\ 

Thus, Dk(R) is generated as a left _D^(i?)-modulc by the set 

{dj \ I — {ii, ■ ■ ■ , is), J = (oi, • • • , as), ij E N, words Oj E R,l <ij < n} U {Ai}. 

Moreover, since for a E R, 

Aa - Pa = ^d\"'''''\ we have pa = Xa - ^aj"'^']. 
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From Theorem 13.21 and part (2) of Proposition [331 we see that Dt{R) as a left R- 
module (via A_r,) is generated by the set {dj \ I — {ii, ■ ■ ■ , is), J — (ai, • • • , as), ij £ 
N, words a-j G -R, 1 < < n} U {Ai}. 

In particular, Dl^{R) is a left _R- module generated by {df \ a is a word mi?}U 
{Ai}. We suspect that the following proposition is well-known. But we have not 
found it published anywhere. 

Proposition 3.5. The left R-module Dl{R) is free with basis 

{d^ \ a is a word in R} U {Ai}. 

Proof. Suppose ip = aXi + X]r=i X^jLi ^ij^i'^ = for some a,hij £ R, and ftj 

words in R. Since 1^9(1) = 0, we have, a = 0. Hence, ip — X^ILi X^jLi ^ij'^t^ = 0- 
Now, for each i < n and any word w G R, we have 

ip{wx.i) = (p{w)xi + ^ hijwfij = 0. 
i=i 

Since ^(w) — 0, we have J2^j=i ^ij'^fij = for every word w G R. That is, 
EiLi hij (E) f° G Ker : i? (g) i?° ^ D^{R) of proposition El That is, J2]U ^ij «> 
f"j — 0, hence the result. □ 

Remark 3.7. Note that this result does not generalize to D^(-R) for i > 2. For 
example, 

^(1,2) ~ <^(1,2) ~ ^202 +O2 - 0. 

But we can generalize Provosition \3.5\ in the following sense. 
Proposition 3.6. For a fixed s > 1, the set 

{dj \ I = {ii, ■ ■ ■ , is), J = (ai, • ■ • , Os), ij < n, words aj G R} 
generates a free D^{R)-submodule of D^{R). 

Proof. The argument is essentially the same as in the proof of Proposition l3.5l and 
we use induction on s. Suppose ip = Xl|/|=s Sfe PgJ^'^pJ^^/ — for some finitely 
many monomials qjj,p'ij G R with every entry of J a word. For any t < n, and 
word w e R, we have ip{wxt) = (piw)xt + J2{i\i,=t}^k Pa^Pqi^ ^^i^^ j9i{w) where 
/ = {ii,--- ,is-i) and J ~ (ai,--- ,as„i), and we use the fact that dj = 
Pxtdj + P9^.(^x^)df. Hence, ip ^ implies that Y.{i\z,=t}Y.k PasPqlj\'ijdj = 
and we now appeal to induction to complete the proof. □ 

Proposition 3.7. Dk{R) is spanned as a h-vector space by the set 

{dj \ I — {ii, ■ ■ ■ , is), J = (ai, • • • , as),ij G N, words aj G R,l < ij < n} 
U {Aa I a is a word in R}. 
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Proof. We already know that Dk{R) as a left i?-module (via Xr) is generated by 
the set {dj \ I — {ii,--- ,is),J = {ai,--- ,as),ij G N, words aj G R,l < ij < 
n}U{Ai}. 

Now, let a G i? be a word, I — (ii, - ■■ J = (ai, ■ ■ • ,as) for some s > 1, 
ij < n, and words Oj G R. Let / = («2, • " ' i ^s) and J = (02, • • • , as). Then, 

[adj ,Xi-^] = [a,Xi-^]dj + aaidj-, and 

[adj, Xp] = [a, Xp\dj for p^h. 

Further, adj (1) = 0. That is, letting (p, /) = {p,ii,--- ,is) and {[a,Xp],J) = 
([a, Xp], ai, • • • , flp) for 1 < p < n, and a ■ J — (aai, a2, • • • , Cg) we have 

n 

a9/ = a?-^ + ^c', 



□ 



Proposition 3.8. Lei Ii — {ii, ■ ■ ■ , v), J = (ji, ■ ■ • ,js), A — (ai, • ■ • , a^), 

B — (5i, ■ • • , 6s) w;z</i ii^ji < n, and ai,bi G R. Let A ■ w — (ai, ■ • ■ , arw) and 

w ■ B — {wbi, • • ■ , bg) for w E R. Then 

n 

"(I, J) {I, J) ~ {I,k,J) 

k=l 

Proof. This is proved by induction on r. Note 

, X.] = a, ■ wdf = a, (^dT^ + x: af5-i'^)^ 

(proof of Proposition 13. 7[) ; 



[dl';---^->,xt]^0 fori^z, and d'^^j^'^^' {1) ^ 0. 

[if-: 



Hence, ^J--^^ = ^J--'^) + ^ ^f-^I--!-^) 



fc=i 

Now, for r > 1 and using induction. 



"(I, J) "(I, J) y'^) - 

Hence the result. □ 

Remark 3.8. For any indexing tuple I — (ii, ■ ■ ■ ,«,■), and a word w G i?, denote 
by wi , the tuple (1, ■ ■ • , 1, w). The above proposition implies that every tp G Dt{R) 
can be written in the form of a series 

ifi = Xa + o-i^yjd'^' for ai^yj G k, a G i?, and words w E R. 
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But we have the following finite and unique description for any ip G Dk{R) noting 
that Dk{R) as a vector space has a spanning set as given by Proposition \3. 7\ 

Corollary 3.5. Let r > be the minimum natural number for which ip is in the 
span of the set {Aq \ a is a word in R} U {df \ \I\ < r}. Then for finitely many 
words w G R and finitely many A = (ai,--- ,ar), a,ai G R, (p can be uniquely 
written 

\I\<r,w \I\—r^A 

Proof. By Propositions 13.71 and 13.81 we see that </? can indeed by written in the 
given fashion. For uniqueness, suppose 

\I\<r,w \I\=r,A 

for finitely many words w G R, and finitely many A = (oi, • • • , a^), with a, a/ S 
R. Then, ip{l) = implies a — 0. Since, for each / — (ii,--- ,it) with t < r, 
df {xi-^ ■ ■ ■ Xi^) — w, we have (p{xi-^ ■ ■ ■ Xi^) = aj^^ — 0. Thus, 
Lp — '^^i^^j. ^cti.Adf = 0. Now we refer to Proposition 13.71 to claim that ai^A = 

Remark 3.9. The proof of the above Collary also proves that the series descrip- 
tion as in the Remark \3.8\ is also unique. We say that (p is written in the finite 
canonical form (respectively, the power series canonical form^ if it is written 
as described in the above corollary (respectively, remark \3.8\) . 

Theorem 3.4. The algebra D^{R) is simple. 

Proof. Suppose / is a nonzero ideal of D{R). Let (p G I he written in the finite 
canonical form. Note that [ip, d}] is also in the finite canonical form with reduced 
degree. Thus, taking successive commutators with appropriate d} we can assume 
that ip — '^\i\^j.Oiid] where 1 = (f , 1, • • • , f), unless, [^,0]] = Vi. In the 
former case, we can take appropriate commutators with Xi to arrive at 1 € /. In 
the latter case, we refer to part (2) of the ProDOsition l3.41 and consider [ip, d''^'^^] G 

I Taking commutator with d'^^^'j-j results in an operator of reduced degree 

written in the finite canonical form, unless the commutator is Vz, j. In the latter 
case, we take commutators with appropriate d'(l'j'i^y Continuing thus we arrive at 
the result. □ 

Remark 3.10. We believe that the canonical forms can be used to prove that 
Dk{R) is a domain when characteristic of k. is zero. We are unable to prove the 
same. 

We also believe that the algebra generated by D^{R) is not all of Dk{R). We 
have seen in Remark \3. S\ that A(i?) ^ Dt(R). We are not able to prove that, Dk{R) 
is not finitely generated. Conjecturally, even when the characteristic of k is zero, 
(D^iR)) ^ DtiR) for anyk>0. 
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For A = k[yi, • • • , y„] the polynomial algebra over a field k of cliaracterisitc 

in n variables, and / be an ideal of A, we have Si / Ji = Dk{A/I) as filtered 
algebras. Further, Jj = ID\^{A) and Si is the ring generated by Ji (see chapter 15 
and the references given in section 15.6 of iT])- We would like to see an analogue of 
these statements for the free algebra R = k(xi, ■ • • n > 1, with a two sided 
ideal /. 

Proposition 3.9. The natural map Si/ Ji Dt{R/I) of filtered algebras is sur- 
jective. 

Proof. Let a ^ R/I denote the image oi a G R and ip G D^tiR/I) denote the image 
of iy9 e Si. Note Xa — Xa and pa=7>a- Hence D^{R/I) is in the image of Si/ Ji. 
Suppose -q e DKR/I) is such that [77, x7] = tpi S D^^{R/I) for t > 1, and 

1 < n and 77(1) — 0. Let (p G D^{R) be such that [(yS, a;i] = i/'i G Z?^"^(i?) and 
(p{l) = 0. Then Tp = rj (and therefore <p> G Si). □ 

4. /3-DIFFERENTIAL OPERATORS ON THE Z"-GRADED FREE ALGEBRA. 

Let R = k(a;i, • • • , a;„) be the free k-algebra generated by variables xi, - ■ ■ , x„. 
The algebra R is Z" graded by setting degree of to be = (0, • • • , 0, 1, 0, • • • ,0) 
where 1 appears in the i-th place. For i, j < n, let G k*. We define (5 : Z" xZ" — > 
k* by setting /3(ei, ej) = qtj. In case qijqji = 1 for « j, we have /3(a, h)j5{b, a) — 1 
for a ^ b which implies that if (^2 are two left /3-derivations, then so is [ipi, 'P2\i3- 

For each homogeneous a R, and each i < n, there is a left /3-derivation ^ 
such that j^{xj) = Sija. Note that dg^ . — da — Si (recall the notation, dm = 
degree of m). Moreover, for a G R, we have the /?- inner derivation, 

- Pa - ^ Op^i 
i 

Remark 4.1. In the case when Qijqji ~ qa — 1, the vector space of (3 -derivations 
on R, denoted Derp{R), is a coloured Lie algebra, which is not simple. There is a 
surjection from Derp{R) to Derp{R) where R is the quotient algebra of R subject 
to the relations XiXj = qijXjXi for i,j < n. The j5-inner derivations are in the 
kernel of this surjection. 

Definition 4.1. For r = 1,1 = (ii),«i < t, and A — (ai), for homogeneous 
ai G i? set J = • For an r E N,r > 2, let I — (ii, 12, • ' ' ? be a sequence 
of natural numbers ij < t and A =^ (ai, • • • ,3^) be a sequence of homogeneous 
elements from R. Further, let I — {i2, ■ ■ ■ ,ir) and A — (02, • • • , a^). Denote by 
J G D^p{R) the operator which satisfies the commutator rules 

[d^j, Xi,]/:; = aid^j, [d^j, xi]j3 = for I ^ ii, and d^j{l) = 0. 

Let Ap{R) denote the associative subalgebra of Dp{R) generated by D^{R) and 
A^JR)^ ApiR)nDl{R) forr>l. 
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The proofs of the items in the foUowing theorem are similar to those in the 
section [3l 

Theorem 4.1. (1) The associative, I/^ -graded algebras R®^ and D^{R) 
are isomorphic. 

(2) The P-centre of Dp(R) is k. 

(3) A /S-derivation of R which is in D'p{R) is a sum of inner (3 -derivations. 

(4) For homogeneous a,b Cz R and i,j between 1 and n, we have 

[9^,1, Wf} = -^9;? .(b) 

Further, when qijQji — 1 and qa — I we have, 
and 

[dh^d^p = d^f^^ - m - e„4 - e,)df/''\ 

(5) Let r > 1 and let I and A be sequences I — {ii, . . . ,ir) and A =^ (ai, . . . , a^) 



with it between 1 and n and at £ R 
d^jixt, ■••xtj 



ai • • - Or if {h, - ■ ■ ,tr) = I 

lfiti,---,tr)^I 



Further, d"^ j{xt^ • ■ ■ Xt^) = for k < r. 

This generalizes the case of r — 1 from above: [9^ j,Af,]^ = Xga (j-,. In 
particular, [^^"(Vi','..'"^'), Aa]/J eDy^{R). 

(7) [9j:^;:::::i,pf]/5 = E;=2«.pj.„...,..) , whenr>2, 

qijqji ^1, qii^l and 

(y.j — 13 {da-^ ■■■aj-\ ' ■ ■ ^ij-i ; ^b) ^i^^ai ■■■aj^i ; ^aj ■ ■ - a^ ' ' ' 'Sr ) • 

This generalizes the case of r — 1 from above: [d^ Pb]^ ~ P^" (fc)' 
paHicular, [Sj^;;-.:.'^^ , p% G Dy\R) . 

(8) 

dii{ab)= ^■lKdf:j{a)d^:h{b) 

{J,K)=I 

where aj^x = /3(deg(a^_^), deg(a^-})). 
(9) Let J = (ji, . . . , js) and B = (61, . . . , 6s). Then there are scalars a-r such 
that 

d^ jdp j — '-'^T^^*^T(('/^j)) + ^e'^'^'S of lower order 
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Recall that T(^r,s) consists o/r G Sr+s such that r is increasing on 1, - ■ ■ ,r 
and on r -\- \ ,- ■ ■ ,r + s. 

(10) When qijQji ~ 1 and qn = 1 for all i and j, then for j G -D^ and 

G D^, we have [d^,, dfjp G D-+'-\ 

(11) We have the formula 

n 

r.{A-w.B) _ r,{A,wB) _ ^ r.{A,[w,Xk]i3,B) 
k=l 

where au = /3(deg(5^j), deg(a;fc)). 

(12) For r >1, Then there are scalars such that 

where Sr is the permutation group on r symbols. 

(13) A0iR)^D^iR) 

(14) When qijqji = 1 and qa = I, the algebra Ap{R) is not simple. 

(15) As a left D^p[R) -module, Dp(R) is generated by the set 

{d^j \ I = {ii,...,ir),A^ {ai,...,ar)}U{\i}. 

(16) The set {d^ j \ I — (ii, . . . , v), A = (oi, . . . , a^) is a word in R} gener- 
ates a free D'^{R)-submodule of D'^{R). 

(17) As a K -vector space, Dp{R) is spanned by the set 

{df I I / = (ii, . . . , ir), A — (fli, . . . , ar)where each ai is a word in R] 
U {\a \ a is a word in R\ 

(18) The algebra Dp{R) is simple when qij = qji and qa = 1. 

(19) The map described in Provosition \2.2\ is surjective when R is free. 

5. Quantum differential operators on the Z"-graded free algebra. 

As in the previous section, let i? = k < xi, • • • , a;„ > be the free k-algebra 
generated by variables Xi, • • • , a;„. The algebra R is Z" graded by setting degree 
of Xi to be Ci, and we define /3 : Z" x Z" k* by setting (3{ei,ej) = qij for fixed 
q,j G k*. 

For each 7 G F, recall a-y G D'^{R) given by cr^(r) — (3{'y,dr)r for homoge- 
neous r and extended linearly, the grading map. Let A C Autic(-R) be the subgroup 
generated by {a^ \ 7 G F}. Then we have a surjection {R (S) i?°)#A D^q{R) (re- 
cah from Section H the surjection [R ® R°)^T -j- D°{R)). Note that for any 
homogeneous tp G grHom,j.(i?, R) of degree d^, we have 

a^ip = I3{'^,d^)ipa^. 

Hence, every (p G D'^{R) can be written as a finite sum, (p — '}2o-eA'^<^^ ^"^"^ 
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For homogeneous (/S,?/', let [ip^^]-y — ip'tjj — /3{'j,djp)ipip. The quantum centre 
of Dq{R) is the subalgebra generated by the set {homogeneous ip £ Dq{R) \ 3^ G 
r such that = OVV- e Dq{R)}. 

Proposition 5.1. The quantum centre of Dq{R) is k. 

Proof. Let homogeneous f be in the quantum centre of Dq{R). Then there exists 
a 7 £ r such that ['.p,^]-y = O,V'0 G Dq{R). In particular, A^J-y = 0,Vr e R. 
Hence, ip = p^{i)cr^. Hence, for any r G i?, YP,Pr\^ = P[^{i),cr.y{r)]<^^- Thus, Lp{l) is 
in the usual centre of R. □ 

Definition 5.1. For each i < n,^ E T , and a E R, denote by df^ G D^{R) defined 
by [dl^,Xj] = SijXa(Jj and = 0. 

For each natural number r > 1, let I — {ii, 12, • • • , v), K — (71, 72, • • • , 7r), 
and A = (ai, • • • , a^) /or 1 < ii, • • • , ir < 7i, • ' " i 7r G a'^rf Oi, • ' ' ,cir ^ R- 

When r = 1, /ei = d''\ . 

J.K «i,7i 

Jbr r > 2, let dfj^ G D^{R) be that operator defined by 
[9tK,Xj] = Si,.jaidfj^a^,, d^Kil) = 0, 

where I = (12, ■ • ■ ,ir),K = (72, • ■ • ,jr), and A = {02, ■ ■ ■ ,ar). 

Proposition 5.2. For each i < n, a £ R, and 7 G F, the operator df^ is a right 
skew CTj-derivation. 

Proof. We need to prove that [i9"^,r] = Xd^_^ir)'^'y Vr G R. We know that this is 
true for r G {xi, ■ • • , x„, 1}. Assume that the proposition is true for every word of 
length less than k. Suppose that rs is a word of length k. Then, 

K-y^rs] = r]s + r[dl^,s] = Xga^ i^^^a^s + rdl.^{s)a^ 

Now, dl^{rs) = dl^{rs\) = rsdl^il) + [dl^MW = dl^{r)a,{s) + rd^^is). □ 

Remark 5.1. The above proposition shows that 

9l.yK - Kdl.y ^ Xaa j^)cr^ and d^^ps - Pa-,(s)dl^ = Pd^ .(s) 

We see that D^{R) is generated as a module over D'^[R) by the right a -y- derivations 
df^. Recall that ip is a left skew a-derivation, if and only if (pa^^ is a right skew 
-derivation. 

Let Aq{R) be the subalgebra of gr}lomj^{R, R) generated by D^{R) and the 
operators df^ for i < n, a € R and 7 G F. 

For any a E R, and 7 G F, the operator Xa — pa'^-y *s a left skew-a-y derivation. 
We call such a left skew-a^ derivations, an inner left- derivation. Following the 
same proof as in Proposition lS.Sl we see that any left skew-a-y derivation of R which 
is in D'^{R) is a sum of inner left-a~^ derivations. 
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Similarly, Xacr-y ^ Pa is a right skew-cr^ derivation. Such a right skew-a^ 
derivations is called, an inner right-a^ derivation. Any right skew-a^ derivation 
of R which is in D'^(R) is a sum of inner right-a^ derivations. 

Here are some more generalizations of the usual and /? differential operators. 
The proofs are similar to the corresponding ones in the section [3l 

Theorem 5.1. Let I = (ii, • • • , v), A — (ai, • • • , a^), and K ~ (71, • • • , 7^) as in 

the definition above. 

(1) 

{jli<j<s<r Pilj^^^s)) aia2---ar if I = {ti,t2,--- ,tr) 

lfI^{tiM,---,tr) 

Further, df ^^{xt^Xt^ ■ ■ ■ Xt^,) — for k < r. 
(2) Let J = (ij-^, ■■ ■ ,ij^) be a subsequence of L . Let Aj — {aj-^, ■■■ ,aj^) and 
Kj = (7ji , • • • ,7jt) respectively represent the corresponding subsequences 
of A and K . Further, let ukj — cr-fj + ■ • • + cr-yj^ • Then, for a,b ^ R, 

(Ilj2) = I 

where (/i,/2) denotes the concatenation of Li and I2. Therefore, (recall 
Remark\5.1\) 



(3) Let Sr denote the permutation group on r symbols, and for 

t{L) = *t(2)) • ■ ■ i^T{r))j o.'^d similarly define t{A),t{K) . Then, for 

each T ^ Sr there exists ctr G k such that 

res,. 

In fact, Er^s. - • • • I ^.(^) n D^,-HR)- 

Moreover, if dm denotes the degree of the operator 9"'"^ for I < m < r, 
then the scalar 

= Y\. P{lT(m),dr{n))- 

l<r(m)<r(n)<r 

(4) Let J — (ji, . . . ,js), B = (hi, . . . , 6s), and L = ((5i, • • • , (5s)- Then there 
are scalars a^. such that 

^tK^f^L = E '^■^K\uj).t(k.l) + ^e™* of lower order 
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Recall that T(^r,s) consists o/r G Sr+s such that t is increasing on 1, ■ ■ ■ ,r 
and on r + 1, ■ ■ ■ , r + s. For I < m < r + s, let dm ~ degree of 
and rjm = "Jm for m < r and dm = degree of (J^'""'' ^ for m > r and 
rjyyi — dm~r- Then 

l<r{7ri)<ir{7i)<.r-\-s 

(5) We have the following formula 

n 

C)A _ C)a A _ V^^([a,a;.],A) . 
"<^/,K (^I.K — / . "(k.I).(O.K)^ 

k=l 

here, [a ■ A) ^ (aai, 02, ■ • ■ , a^), (fc,/) = {k, ii, • • • , ir), 
(0, if) = (0,7i,-- - ,7r), and {[a,Xk],A) = ([a, Xfc], oi, ■ • • ,0^). 
With the same notations as used above, or in previous sections, 



r.{A-w,B) _^iA,wB) _sr^ ^iA.,[w,xt].B) 
(^{I..J)..(K.L) '^{I.^,J).XK,L) - 2^^{ 

k=l 



\l,k,J),(K,0,L) 



(6) As a left D'^(R) -module, D^{R) is generated by the set 

{df,K I I ^ {h,--- ,ir),K = (7i,-- - ,lr),A^ (ai,--- ,a^)}U{Ai}. 

(7) The map described in Provosition \2.3\ is surjective when R is free. 
Remark 5.2. (1) Note that Dii{R) C Dq[R) and we have a map 

DtiR)^A ^ DqiR). 

In general, this map need not be surjective. Indeed, in [3 the generators 
of the algebra Dq{h[x]) have been described over a field of characteristic 0. 
The polynomial algebra k[x] is "Z-graded, and /3 : Z x Z ^ k* is given by 
/3(n, to) = g""* for q a transcendental element over Q, and Q{q) C k. Then 
Dq{k[x]) is generated by the set {\x,d^ ,d,d^ }, where 9(a;") = nx"~^, 

9^(x") = (^Y~t) '(^") = (^ ^-1 forn> 1 and 

9(1) = d^{l) = d^'' = 0. The algebra Dk{k[x]) is the first Weyl algebra, 
with generators {Xx,d}. We see that ^ Dk{k[x])^'E. Indeed, by degree 
considerations, if G Di^{k[x])^Z, then = ada for some a G k, which 
is not possible. 

(2) Corollary \3.4\ and part (10) of Theorem \4. 1\ do not generalize to the case 
of quantum differential operators. For example, consider Dq(k < Xi,X2 >) 
when qii — 922 = 1 o,nd 521 — Q12 — Q f^f 9 G k* , where q is transcendental 
over Q, and Q{q) C k. Note that dl,,^,dl^^^ G Dg{k < xi,X2 >), with 
dl^^ix'l) = nx'i^S while dl^.^{x'!:) = (1 + q + • • ■ ,g"-i)a;'/-i for n > 1. 
But [9^ , 9^ g^J-y ^ D'^i^ < Xi,X2 >) for any 7 G F, which can be seen by 
degree considerations. 
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(3) The question whether the algebra Dq{R) is simple seems to be a difficult 
question, to address. Conjecturally, we believe that Dq{R) is simple. The 
algebra A, [R) we expect to be not simple, as has been already checked when 
^ = 1. 
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